Abstract. A smooth complex quasi-affine algebraic variety Y is flexible if its special group SAut(Y ) of automorphisms (generated by the elements of one-dimensional unipotent subgroups of Aut(Y )) acts transitively on Y . An irreducible algebraic manifold X is locally stably flexible if it is the union X i of a finite number of Zariski open sets, each X i being quasi-affine, so that there is a positive integer N for which X i × C N is flexible for every i. The main result of this paper is that the blowup of a locally stably flexible manifold at a smooth algebraic submanifold (not necessarily equi-dimensional or connected) is subelliptic, and hence Oka. This result is proven as a corollary of some general results concerning the so-called k-flexible manifolds.
Introduction
The notion of a subelliptic manifold (i.e. a manifolds which admits a dominating family of sprays) was introduced by Forstnerič in [6] , inspired by hints from Gromov in [9] . It is a natural generalization to the stronger condition of admitting a single dominating spray, called elliptic. The importance of the notion of subellipticity is that as in the case of elliptic manifolds it implies all Oka properties. In other words such a subelliptic manifold is X is an Oka manifold as proven by Forstnerič in [6] . In particular being an Oka manifold implies that every holomorphic map from a convex domain K in C n into X can be approximated (in the compact-open topology) by a holomorphic map from C n to X. Needless to say that this leads to many remarkable consequences (e.g., see [5] ). On the other hand, having the same consequences, subellipticity is easier to establish than ellipticity, which is exemplified by the main results of the present paper.
The simplest example of an elliptic manifold is, of course, the Euclidean space C n itself. Furthermore, Gromov proved ellipticity in the case of the complement to a subvariety of codimension at least 2 in C n . Any algebraic manifold which is locally isomorphic to such complements (resp. C n ) is called a manifold of class A (resp. A 0 ) ( [5, Definition 6.4.5. ] , [16, Remark 3] ) Since in the algebraic case subellipticity turns out to be a local property we see that a manifold of class A is always subelliptic. Gromov observed also the following.
Proposition 0.1. Let X be a complex manifold of class A 0 and Y be the result of blowing X up at a finite number of points. Then Y is also a manifold of class A 0 and, therefore, subelliptic.
For example this yields subellipticily of compact rational surfaces (see [5, Corollary 6.4 
.8 ]).
There were no analogs of Proposition 0.1 until the recent paper of Lárusson and the third author [16] who proved the following.
Theorem 0.2. Let X be an algebraic manifold of class A and π :X → X be the blowing up of X along a smooth algebraic (not necessarily connected) submanifold of codimension at least 2. ThenX is subelliptic.
The proofs in [16] made use crucially of the fact that C n has a lot of automorphisms, as first pointed out by Gromov and generalised by Winkelmann. This last property is shared by the so-called flexible manifolds, extensively-studied in affine algebraic geometry. Recall that one of equivalent definitions states that a smooth complex quasi-affine algebraic variety X of dimension at least 2 is flexible if its special group SAut(X) of automorphisms (generated by the elements of one-dimensional unipotent subgroups of Aut(X)) acts transitively on X. It is easy to establish that flexible manifolds are algebraically subelliptic (and even algebraically elliptic). Furthermore, there is no need to discuss complements to subvarieties of codimension at least 2 in flexible manifolds because such complements are again flexible ( [4] ). This observation was a strong indication for us that the above construction can survive replacement of Euclidean spaces by flexible manifolds. This is in fact true, and we can actually prove the same result for a more general class of manifolds which we are going to define next.
Definition. An irreducible algebraic manifold X is locally stably flexible, if it is the union X i of a finite number of Zariski open sets, each X i being quasi-affine, so that there is a positive integer N for which X i × C N is flexible for every i. Our main result is the following.
Theorem 0.3. Let X be a locally stably flexible manifold. Suppose that π :X → X is the blowing up of X along a smooth algebraic submanifold Z, not necessarily equidimensional or connected. ThenX is algebraically subelliptic.
After the Theorems 0.2 and 0.3, it is natural to ask the following questions concerning the behavior under blowups of various classes of algebraic manifolds of interest in affine geometry and Oka theory.
Q1. Is the class of algebraically subelliptic manifolds preserved by blowups? We note that by Gromov's results the class A (which is a smaller class of manifolds) and by results in [16] the class of strongly algebraically dominated manifolds (which is a bigger class of manifolds) are both preserved by blowups.
Q2. Is the class of locally stably algebraic manifolds preserved by blowups? The remaining of this paper is organized as follows. In Section 1 we remind the notions of sprays and subellipticity and establish some simple facts which are immediate consequences of the results presented in [5] . In Section 2 we describe technique developed for flexible manifolds in [4] and [1] and prove a non-trivial fact (Theorem 2.4) heavily based on [4] . This theorem deals with a partial quotient morphism ̺ : X → Q of a flexible manifold X with respect to some G a -action. It establishes that up to an automorphism of X for every closed submanifold Z of X (of codimension at least 2) and every z ∈ Z we can suppose that ̺| Z : Z → ̺(Z) is a local isomorphism over a Zariski neighborhood of ̺(z) ∈ ̺(Z). In Section 3 we prove simple facts which, in particular, include ellipticity of flexible manifolds. Section 4 is devoted to technique of affine modifications which can be mostly found in [13] . It is necessary because in the above notations X is an affine modification of Q × C. It turns out that we need to present X as a more refined affine modification for which we introduce in Section 5 the notion of k-flexibility. Namely, X is k-flexible if for some dominant morphism τ : X → P there is a Zariski dense open subset P 0 of P for which τ −1 (P 0 ) is isomorphic to P 0 × C k which implies that X is an affine modification of P × C k .
1 With all preparations done we obtain our main theorems in Section 6.
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Sprays and subellipticity
Let us remind some definitions which can be found in [5] .
1 It is worth mentioning that most of flexible manifolds are k-flexible for some k ≥ 2. Actually, starting from dimension 3 we do not know examples of flexible manifolds that are not at least 2-flexible. Definition 1.1. (i) A holomorphic vector bundle p : E → X over a complex manifold X is called a spray is there exists a holomorphic map s : E → X such that for every point y in the zero section S of E one has s(y) = p(y) := x. That is, a spray is a triple (E, p, s).
(ii) A spray is called dominating if for every y ∈ S one has ds(
(iv) A complex manifold X is called elliptic (resp. subelliptic) if it admits a dominating holomorphic spray (resp. a dominating family of holomorphic sprays).
(v) We say that a spay (E, p, s) is of rank k if the rank of the vector bundle p : E → X is k Convention 1.2. From now on we consider only algebraic sprays (E, p, s) on algebraic complex manifolds which means that the vector bundle p : E → X is algebraic and the map s : E → X is algebraic. We omit this adjective "algebraic" below.
Under this convention the following definition makes sense. Definition 1.3. (a) Let X 0 be a nonempty Zariski open subset of a complex algebraic manifold X. An algebraic vector bundle p : E → X 0 is called a spray on X 0 with values in X if there exists a holomorphic map s : E → X such that for every point x ∈ X 0 in the zero section S 0 of E one has s(x) = x.
(b) Let s ′ : E → X 0 be another spray on X 0 with values in X where p : E → X is the same vector bundle as in (a). We say that it is equivalent to the spray s from (a) if for general points y ∈ S 0 and x = p(y) there is a linear automorphism λ of the fiber
The notion of a dominating spray on X 0 with values in X is described exactly as in Definition 1.1 with y running over a section S 0 of p : E → X 0 . In the same fashion we deal with a dominating family of sprays on X 0 with values in X. ′ : E → X on X 0 with values in X such that it extends to a spray on X. Furthermore, if X \ X 0 is a principal divisor then this spray s ′ can be chosen so that equation (1) Corollary 1.7. The class of manifolds admitting sprays is closed with respect to the procedure of blowing down.
Flexible manifolds
Recall the following facts which can be found in [1] .
Definition 2.1.
(1) A derivation σ on the ring A of regular functions on a quasi-affine algebraic manifold X is called locally nilpotent if for every 0 = a ∈ A there exists a natural n for which σ n (a) = 0. For the smallest n with this property one defines the degree of a with respect to σ as deg σ a = n − 1. This derivation can be viewed as a vector field on X which we also call locally nilpotent. The phase flow of this vector field is an algebraic G a -action on X, i.e. the action of the group C + of complex numbers with respect to addition which can be viewed as a one-parameter unipotent group U in the group Aut(X) of all algebraic automorphisms of X. In fact, every G a -action is generated by a locally nilpotent vector field (e.g, see [7] ).
(2) A quasi-affine manifold X is called flexible if for every x ∈ X the tangent space T x X is spanned by the tangent vectors to the orbits of one-parameter unipotent subgroups of Aut(X) through x.
(3) The subgroup SAut(X) of Aut X generated by all one-parameter unipotent subgroups is called special.
We have the following [1] , [4] . Proposition 2.2. For every irreducible quasi-affine algebraic variety X the following are equivalent (i) the special subgroup SAut(X) acts transitively on X reg ; (ii) the special subgroup SAut(X) acts infinitely transitively on X reg (i.e. for every natural m the action is m-transitive);
(iii) X reg is flexible.
By the Rosenlicht Theorem (see [18, Theorem 2.3] ) for X, A, and U as in Definition 2.1 one can find a finite set of U-invariant functions a 1 , . . . , a m ∈ A, which separate general U-orbits in X. They generate a morphism ̺ : X → Q into an affine algebraic variety Q. Note that this set of invariant functions can be chosen so that Q is normal (since X is normal). Definition 2.3. Such a morphism ̺ : X → Q into a normal Q will be called a partial quotient. In the case when a 1 , . . . , a m generate the subring A U of U invariant elements of A such a morphism is called the categorical quotient.
2
The main aim of this section is the next theorem.
Theorem 2.4. Let Z be a submanifold of codimension at least 2 in a flexible affine algebraic manifold X, and σ be a nontrivial locally nilpotent vector field on X. Suppose that ̺ : X → Q is a partial quotient morphism of the G a -action associated with σ such that Q is a normal variety. Then for every finite set z 1 , . . . , z m ∈ Z of distinct points one can find an automorphism α of X such that for every i = 1, . . . , m and
is local embedding at z i (and, in particular,
Furthermore, let τ : Q → P be a morphism such that dim P = dim Z. Then α can be chosen so that
The proof of this fact is heavily based on the technique from [4] and it requires some preparations, but first let us extract some corollary using following notion introduced by Ramanujam [19] .
Definition 2.5. Given irreducible algebraic varieties X and A and a map ϕ : A → Aut(X) we say that (A, ϕ) is an algebraic family of automorphisms on X if the induced map A × X → X, (α, x) → ϕ(α).x, is a morphism. 
is a local embedding at every point α(z i ).
Proof. Choose general points q 1 , . . . , q m in Q and general points x 1 , . . . , x m in X for which ̺(
. By [1, Theorem 4.14 and Remark 4.16] one can choose an automorphism α of X such that α(z i ) = x i , i = 1, . . . , m and, furthermore, α(Z) is tangent to the subvariety u i,n−k+1 = . . . = u i,n+1 = 0 where k + 1 is the codimension of Z in X. By construction α satisfies properties (i) and (ii ′ ). For (iv) it suffices to require that (v i,1 , . . . , v i,n−k )| ̺α(Z) is a lift of a local analytic coordinate system on P under τ and we are done.
Definition 2.9. For every locally nilpotent vector fields σ and each function f ∈ Ker σ from its kernel the field f σ is called a replica of σ. Recall that such a replica is automatically locally nilpotent. Proposition 2.10. (cf. [4] ) Let δ 0 be a locally nilpotent vector field on a quasi-affine algebraic manifold X, ̺ 0 : X → Q 0 be an associated partial quotient morphism, x be a general point of X, and O 1 be the orbit of x under the phase flow of δ 0 . Then there exists a locally nilpotent vector field δ 1 such that (#) for general points x 1 , . . . , x n−1 ∈ O 1 and the vectors δ 1,x 1 , . . . , δ 1,x n−1 (which are the values of δ 1 at these points) the vectors v 1 , . . . , v n−1 form a basis of T q 0 Q 0 where
Furthermore, let condition (#) hold and H be the group of algebraic automorphisms of X generated by the elements from the phase flows of δ 0 , δ 1 , and their replicas. Then the orbit of x under the action of H is Zariski open in X.
Proof. By [1, Theorem 4.14 and Remark 4.16] there exists an automorphism α ∈ Aut(X) such that it fixes points x 1 , . . . , x n−1 and for every i the linear map dα| Tx i X coincides with a prescribed element of SL n−1 . Furthermore, for every fixed k ∈ N (however large it is) we can require that the k-jet α k x i of α at x i coincides with such a linear part. Hence choosing any locally nilpotent derivation δ 1 for which every δ 1,x i = 0 we can achieve (#) replacing δ 1 by α * (δ 1 ).
For every nonzero locally nilpotent δ 0 the statement of [4, Proposition 1.14] yields the existence of δ 1 for which the orbit of x under the action of the group H is open. However, the analysis of the proof of this fact shows that any δ 1 satisfying (#) fits this purpose.
Remark 2.11. (a) In fact, we can replace condition (#) in Proposition 2.10 with the following. For every point y ∈ O 1 denote by y(t) the image of y under the action of the phase flow of δ 0 at time t. Then we can require that (# ′ ) for a general moment of time t and general y ∈ O 1 the vector d̺ 0 (δ 1,
The fact that (# ′ ) implies (#) is clear. Indeed, otherwise there is a proper subspace V ⊂ T q Q 0 such that for every point w ∈ O 1 one has d̺ 0 (δ 1,w ) ∈ V . Then d̺ 0 (δ 1,x(t) ) − d̺ 0 (δ 1,y(t) ) must be also in V which implies that this vector cannot be general. A contradiction.
To assure (# ′ ) one can choose x 1 , . . . , x n−1 so that x i = x(it 0 ) for some nonzero t 0 and choose an automorphism α so that after its application the vectors d̺ 0 (δ 1,
(b) Moreover, the proof of Proposition 2.10 implies that one can choose δ 1 so that condition (# ′ ) holds not only for the orbit O 1 of one general point x ∈ X but simultaneously for the orbits of any finite set of general points in X.
We need some further facts from [4] . Notation 2.12. (a) Denote by U i the unipotent one-parameter subgroup associated with δ i from Proposition 2.10 and for every f ∈ Ker δ 0 \Ker δ 1 (resp. g ∈ Ker δ 1 \Ker δ 0 ) denote by U 0 f (resp. U 1 g ) the one-parameter group associated with the replica f δ 0 (resp. gδ 1 ).
(b) To any sequence of invariant functions (2)
we associate an algebraic family of automorphisms C 2s → Aut(X) defined by the product
⊆ H yields as well an algebraic family of automorphisms.
Proposition 2.13. ([4, Corollary 4.4])
There is a finite collection of invariant functions F as in (2) such that for any sequence κ = (k i , l i ) i=1,...,s ∈ N 2s the algebraic family of automorphisms U κ as in (4) has a dense open orbit in X. This orbit O(U κ ) coincides with O(H) and so does not depend on the choice of κ ∈ N 2s .
Remark 2.14. LetF = {f 1 , . . . ,f r , f 1 , . . . , f s ,g 1 , . . . ,g r , g 1 , . . . , g s } where f i and g i are as in Notation 2.12 whilef
. . , g s } of invariant functions as in Notation 2.12 and
as in (4), we let
.
(b) Consider δ 0 as in Notation 2.12 and its partial quotient morphism ̺ 0 : X → Q 0 . Then it can be extended to a proper morphism̺ 0 :X → Q 0 . There is exactly one (so-called horizontal) irreducible component D 0 of the varietyX \ X for which the restriction of the morphism̺| D 0 : D 0 → Q is birational [4] . 
Proof. Choose an automorphism β ∈ Aut(X) such that the conclusions of Lemma 2.8 hold for every point z We are going to show that this equivalent fact is true under replacement of Z ′ by α(Z ′ ) for a general α ∈ U κ . Suppose that f 1 = g 1 = 1 for f 1 , g 1 ∈ F from Notation 2.12 which is allowed by Remark 2.14. The let us look for this α in the form α = βα 1 α 0 where α 0 ∈ U 0 * g
and
. Furthermore, we suppose that β is as close to the identical automorphism as we wish and therefore α(Z ′ ) is as close to α 1 α 0 (Z ′
) (since otherwise we are done). Let B be the analytic branch of Z ′ at y 1 and B 0 = ̺ 0 (B) be the analytic branch of ̺ 0 (Z ′ ) at q 1 . Note that for any element α 0 we have equality B 0 = ̺ 0 (α 0 (B)). Case 1. Suppose that y 1 does not belong to M. By Remark 2.11 after application of a general α 0 the vector
is general. That is, ν is not contained in the tangent cone C q 1 B 0 to B 0 at q 1 .
Denote by B This implies that for a general α 1 the point
). Since β is close to the identical map as we wish the same is true for general
Case 2. Suppose that y 1 ∈ M is not general in ̺ −1 0 (q 1 ). Then we can suppose that ν is not contained in the tangent cone C q 1 B 0 to B 0 at q 1 by Lemma 2.17 (b) which yields the same conclusion that α(Z ′ ) does not meet ̺
Hence the previous argument shows that ̺
we have the statements (i)-(iv) of Theorem 2.4 for z 1 and general α.
Note that in this argument we used only the fact that the restriction of δ 1 to the orbit O 1 of z 1 under U 0 satisfies condition (# ′ ) from Remark 2.11. However, the same Remark 2.11 shows that δ 1 can be chosen so that it satisfies (# ′ ) for the orbit of every z i , i = 1, . . . , m. Thus, for a general α we have the statements (i)-(iv) of Theorem 2.4 for each z i which concludes the proof. Proof. Recall that for every x ∈ X and each nonzero vector v ∈ T x X there is a locally nilpotent vector field σ on X for which the value σ x of σ at x coincides with v [1, Corollary 4.3]. In particular, we find locally nilpotent vector fields σ 1 , . . . , σ n for which σ 1,x , . . . , σ n,x is a basis in T x X. This implies that there is an open Zariski dense subset U of X so that for every point y ∈ U the vectors σ 1,y , . . . , σ n,y is a basis in T y X. Note that dim(X \ U) = m ≤ n − 1. Finding locally nilpotent vector fields that form a basis at general points of each of the component of X \ U we can extend our sequence of vector fields to σ 1 , . . . , σ n , σ n+1 , . . . , σ l such that there is a Zariski open set V ⊃ U for which dim(X \ V ) < m and such that for every y ∈ V these fields generate T y X. Thus using induction by dimension we can suppose that σ 1 , . . . , σ n , σ n+1 , . . . , σ l generate T y X at every y ∈ X.
Let U i be the one-parameter group of algebraic automorphism associated with σ i and let U i t be the element of this group for the value of the time parameter t. Consider the trivial vector bundle π : E → X of rank l, i.e. for every x ∈ X the fiber E x = π −1 (x) is isomorphic to C l with coordinates (t 1 , . . . , t l ). Define the morphism s : E → X by the formula
By construction, s is a dominating spray and we are done.
By Corollary 1.5 we have the following.
Corollary 3.2. Every locally flexible algebraic manifold is subelliptic.
Notation 3.3. Let π :X → X be the blowing up of an affine manifold X along a closed smooth algebraic submanifold Z of codimension k + 1 ≥ 2. Suppose that E is the exceptional divisor of π, i.e. π| E : E → Z is a locally trivial fibration with fiber
andX is a semi-affine manifold. In particular, the notion of locally nilpotent derivation (= vector field) onX is well-defined. Proposition 3.4. For every z ∈ Z, x ∈ π −1 (z), and a nonzero vector w ∈ T xX tangent to π −1 (z) there exists a locally nilpotent vector field δ onX for which δ x = w. Furthermore, the subgroup of automorphisms ofX preserving π −1 (z) acts transitively on π −1 (z).
Proof. Let ̺ : X → Q be a partial quotient associated with a nonzero locally nilpotent σ, x be general point in X and q = ̺(x) a general point in Q. In particular these points are smooth and one can choose local analytic coordinate systems at them. By [1, Theorem 4.14 and Remark 4.16] one can also choose an automorphism α which sends z to x such that in local analytic coordinate systems (v 0 , . . . , v n−1 ) (resp. (u 0 , . . . , u n )) at q ∈ Q (resp. x ∈ X) one has α(Z) given by u n−k = . . . = u n = 0 and ̺ * (v j ) = u j for j ≤ n − 1. We replace Z by α(Z) and z by α(z) to make the argument local. In particular, π −1 (z) ≃ P k has homogeneous coordinates U n−k : U n−k+1 : . . . : U n such that u i U j = u j U i for n − k ≤ i, j ≤ n. Without loss of generality consider the case when the vector w in T π −1 (z) is tangent to the line L with fixed relation U n−k+1 : . . . : U n−1 : U n where U n = 0 and arbitrary U n−k . Note that at the origin x 0 of the local coordinate system σ x 0 is proportional to the vector ∂/∂u n , i.e. we can suppose that σ x 0 = ∂/∂u n . Since u n−k = ̺ * (v n−k ) ∈ Ker σ we see that u n−k σ is also locally nilpotent. Denote by Φ the automorphism Φ = exp(tu n−k σ) of X for some value of parameter t ∈ C. By [1, Lemma 4.1] we have
for every ν ∈ T x 0 X. Since u n−k σ vanishes on Z it can be lifted as a locally nilpotent derivation δ onX. Furthermore, Formula (5) shows that the elements of the flow of δ preserve π −1 (z) ≃ P k and act on as elementary transformations of form (U n−k : U n−k+1 : . . . : U n ) → ((U n−k + tU n ) : U n−k+1 : . . . : U n ). That is, the action induced by δ is a translation along the affine line C ≃ L \ {U n−k = ∞} which yields the first statement. The fact that elementary transformations generate a special linear group implies the second statement and we are done.
Affine modifications
The next definition of affine modifications and their properties can be found in [13] . Remark 4.2. The geometrical meaning of the modification is the following. One consider the blowing up π :X → X of X along the ideal I and obtain X ′ by removing fromX those divisors on which the zero multiplicity of f is greater than the zero multiplicity of at least one function g from I (and letting ϕ = π| X ′ ). In particular, if D and Z are smooth and the ideal of the modification coincides with the defining ideal I(Z) of the center then X ′ is the complement inX to the proper transform of D.
Lemma 4.3. Let ̺ : X → Q be a dominant morphism of normal irreducible affine algebraic varieties, D be an effective principal divisor in Q, Q 0 = Q \ D, and X 0 = ̺ −1 (Q 0 ). Suppose that X 0 is isomorphic to Q 0 × C m over Q 0 . Then (a) there exists an affine modification ϕ : X → Q × C m whose restriction over Q 0 is an isomorphism; (b) for every locally nilpotent vector field σ on X 0 tangent to the fibers of ̺| X 0 there exists an equivalent 3 locally nilpotent vector field δ that extends regularly to X; (c) furthermore, for every q ∈ Q 0 the restrictions of the fields σ and δ to the fiber ̺ −1 (q) differ by a nonzero constant factor.
Proof. Note that the isomorphism X 0 ≃ Q 0 × C m has a coordinate form (̺, h 1 , . . . , h m ) where each h i is a regular function on X 0 . If these functions extend regularly to X then it suffices to put ϕ = (̺, h 1 , . . . , h m ) . Otherwise, consider a regular function g ∈ C[Q] for which D = g * (0). Note that the extension of h i to X can have poles only on the divisor ̺ −1 (D). Thus for sufficiently large k i the function g k i h i is regular on X (because of normality). Replacing every h i by g k i h i we see that the same ϕ yields the desired affine modification in (a).
Similarly, since by the assumption g ∈ Ker σ the field δ = g k σ is also locally nilpotent and for k large enough it extends regularly to X. Thus we have (b). For (c) it suffices to observe that g does not vanish on Q 0 . (u 1 , . . . , u m ) is a coordinate system on C m ) be a birational morphism over Q such that τ * (ū) =ū + g kē whereē is a regular function on Q with values in C m . Then for k large enough this endomorphism can be lifted to a birational morphism θ : X → X, i.e. the following commutative diagram holds
Furthermore, θ maps ϕ −1 (D) isomorphically on itself.
Proof. By Lemma 4.3 one can consider an affine modification ϕ :
by elements of form I/g k where k is some natural number and I is an ideal in C[Q × C m ] generated by g k 0 and elements
. By the assumption τ * transfer g to g and I into the ideal J generated by
Hence, J is contained in I. Now the first statement follows from [13, Proposition 2.1].
Note also that τ is invertible in anétale neighborhood of D in Q × C m . Hence θ is invertible in anétale neighborhood of ϕ −1 (D) in X which yields the second statement. 
Proof. Consider the affine modification ψ : X ′ → X along the divisor f −1 (0) with center Z. That is, X ′ is a Zariski open subset ofX with X ′ ∩ E dense in E. On the other hand θ : X → X is also an affine modification with center Z. Its exceptional divisor contains f −1 (0) and by Corollary 4.5 it contains nothing else. This yields the desired isomorphism X ≃ X ′ .
Notation 4.7. Let X be a quasi-affine algebraic manifold, Z be a submanifold of X which is a strict complete intersection. That is, the defining ideal I of Z is generated by regular functions f := g 0 , g 1 , . . . , g k where k + 1 is the codimension of Z in X. For l < k consider the strict complete intersection Z 1 ⊂ X given by f = g 1 = .
. . = g l = 0. Suppose that ϕ : X ′ 1 → X is the modification with center Z 1 and divisor D = f * (0) while π 1 :X 1 → X (resp. π :X → X) is the blowing up of X with center at Z 1 (resp. Z), i.e. X Proof. Recall thatX can be viewed as the submanifold of X × P k given by equations U i g j = U j g i for i, j = 0, . . . , k where (U 0 : U 1 : · · · : U k ) is a homogeneous coordinate system on P k . SimilarlyX 1 is the submanifold of X × P l given by equations V i g j = V j g i for i, j = 0, . . . , l where (V 0 : V 1 : · · · : V l ) is a homogeneous coordinate system on P l . Note that X ′ 1 is given inX 1 by the equation
is a homogeneous coordinate system on P k−l . Note that one has the natural birational map θ :X ′ 1 ✲X over X which is an isomorphism over X \ Z 1 and regular over X \ Z. Thus one needs to check only the regularity over Z. However, one can see that over Z this map is automatically given by the following
which is regular since V 0 = 1. Note also that when W 0 = 1 then this morphism is an embedding. This yields the desired conclusion about the density of the intersection of E and θ(X (ii) Every flexible manifold X is, of course, 1-flexible, since one can consider any partial quotient morphism of ̺ : X → Q. Then for some Q 0 as above ̺ −1 (Q 0 ) → Q 0 is a locally trivial C-fibration. Requiring that Q 0 is affine one can guarantee that it is in fact an line bundle. Hence removing from Q 0 a divisor we make ̺ −1 (Q 0 ) the desired direct product.
(iii) For k = 2 it is also enough to require that ̺ : X → Q has general fibers isomorphic to C 2 . The existence of a desired Q 0 follows from [14] .
Example 5.3. Consider a hypersurface H given by uv = p(x) in C n+2 where u, v, and x = (x 1 , . . . , x n ) are coordinates on C n+2 . If the zero locus of p in C n x is smooth then H is a flexible manifold [13] . Note that dim H = n + 1 and H is n-flexible.
Proof. Let A = [a ij ] n i,j=1 be a matrix from SL(n) and let {A ij } be cofactors of this matrix. Consider the natural morphism of π : X → H into the hypersurface H given by the equation (6) a 11 A 11 + a 12 A 12 + . . . + a 1n A 1n = 1 in C 2n with coordinates (a 11 , a 12 , . . . , a 1n , A 11 , A 12 , . . . , A 1n ). Note that dim H = 2n−1. Let A ′ (resp. A ′′ ) be the matrix obtained from A by removing the first row (resp. the first row and the first column). Consider the action of SL(n − 1) on X such that for B ∈ SL(n−1) the matrix B.A is obtained by replacing A ′ by BA ′ while keeping the first row in A intact. This action is free and it preserves the fibers of π which are therefore of dimension at least (n−1) 2 −1. Observing the equality n 2 −1 = (n−1) 2 −1+(2n−1) one can see now that the fibers of π are nothing but the orbits of this action.
Furthermore, let H 0 be the complement to the zero locus of A 11 in H. Since for every point A in X ′ := π −1 (H 0 ) the determinant of A ′′ is nonzero, dividing the first row of A ′′ by this determinant we see that X ′ is isomorphic to H 0 × SL(n − 1). Note also that by Formula (6) H 0 ≃ C * × C 2n−2 where C * ⊂ C is equipped with the coordinate A 11 . Hence X ′ ≃ C * × SL(n − 1) × C 2n−2 . One can check that SL(2) is 2-flexible. Thus by the induction assumption we can suppose that there are a morphism ̺ n−1 : SL(n − 1) → Q n−1 into a normal affine algebraic variety Q n−1 and a Zariski dense open subset Q n × C k so that it becomes a restriction of an affine modification X → Q n × C k over some variety Q n containing Q 0 n as a Zariski open subset. Consider morphism τ = (A 11 , ̺ n−1 ) : X ′ → P := C × Q n−1 . Without loss of generality we can suppose that P \ Q 0 n is the principal divisor in P . Then modifying ψ we can extend it to a morphism ϕ : X ′ → P × C k over P by Lemma 4.3(a). Treat now Q n−1 as a closed subvariety of C m , i.e. P is a closed subvariety of C m+1 with coordinates (u 0 , u 1 , . . . , u k ) where the lift of u 0 to X ′ coincides with A 11 . Consider composition of τ with endomorphism θ : C m+1 → C m+1 given by
where N is natural. Since the restriction of θ to the complement to u 0 = 0 is an isomorphism we see that τ (Q 0 n ) is isomorphic to its image θ • τ (Q 0 n ) which is, therefore, isomorphic to Q 0 n . Furthermore, since X \ X ′ is the zero locus of function A 11 on X, for sufficiently large N this morphism θ • τ extends to a morphism ̺ n : X → Q n where Q n is the closure of θ • τ (Q 0 n ). Applying Lemma 4.3(a) again we obtain the desired change of isomorphism ψ : X 0 ≃ Q 0 n ×C k so that it because an affine modification X → Q n ×C k over Q n which concludes induction and the proof. 
which is a principal divisor in Q 0 . Let π :X → X be the blowing of X up along the center Z.
′ is k-flexible) and with X ′ ∩ E being dense in E.
Proof. The first statement follows from Theorem 4.6 in the case of X = X 0 . The second statement also follows from Theorem 4.6 since by the assumption the Serre Theorem A implies that one can choose a regular function f ∈ C[Q] that vanishes on Z 0 and equal to 1 on D 0 with any prescribed multiplicity. Proposition 5.7. Let X be a k-flexible manifold and let ̺ : X → Q and Q 0 be as in Definition 5.1. Suppose that x ∈ X is such that ̺(x) ∈ Q 0 , F = ̺ −1 (̺(x)), and V is a k-dimensional subspace of T x X. Then there exists an automorphism α ∈ Aut(X) such that α(x) = x, α * (T x F ) = V , and furthermore α * transforms a given basis of T x F into a given basis of V .
Main theorems
Now we are prepared for our main results.
Theorem 6.1. Let X be a locally k-flexible manifold for k ≥ 2, and Z be a closed submanifold of X of codimension at most k. Suppose that π :X → X is the blowing up of X along Z. ThenX is subelliptic.
Proof. For the proof we can assume X is k-flexible and by Remark 5.2(i) we can suppose that codim X Z = k. Choose any point z ∈ Z and any point w ∈ π −1 (z). We need to construct a family of sprays onX of rank 1 that is dominating at w. By Proposition 3.4 the phase flow of a complete vector field onX can move w in a general position π −1 (z), i.e. we can suppose that w is general. Consider ̺ : X → Q and Q 0 as in Definition 5.1, i.e. X 0 := ̺ −1 (Q 0 ) is isomorphic to Q 0 × C k . Choose a morphism τ : X → Q × C u such that τ | X 0 = (̺, λ) where λ : C k → C is a linear map. By Theorem 2.4, applying an automorphism we can suppose that ̺(z) ∈ Q 0 , τ | Z : Z → τ (Z) =: Y is birational, Y is a hypersurface smooth at y = τ (z), and the projection Y → Q is smooth at y (in particular, the vector field ∂/∂u is transversal to Y at y. By Lemma 4.3 replacing this field ∂/∂u by an equivalent one δ we can extend it to X. Let X 0 ≃ Q 0 × C k and X . Since w is general we have w ∈ W . Observe that because X ′ 0 ≃ X 0 the field δ has a lift to a locally nilpotent vector field σ on X ′ 0 which is transversal to π −1 (Z) at w. By Proposition 1.4 σ extends to a spray of rank 1 onX and the only thing we have to show that the vector σ w can be chosen general.
This follows from Proposition 5.7 because we can transform the C k -fibration ̺ by some automorphism α into another C k -fibration such that α * (σ z ) is a general vector. This yields the desired conclusion.
As a corollary, we now give the proof of Theorem 0.3 in the introduction.
Proof. For the proof, we can assume that X is stably flexible, i.e. X is quasi-affine and Y := X × C N is flexible for some positive integer N. Then, Y is N-flexible, here we can choose Q 0 = X. Since the product of two flexible manifolds is again a flexible manifold, we can assume that N ≥ dim(X). Consider Z 1 = Z × C N , then Z 1 is a smooth algebraic submanifold of Y , being of codimension ≤ dim(X) ≤ N. Theorem 6.1 implies that the blowup π 1 :Ỹ → Y at Z 1 is algebraically subelliptic. SinceỸ =X × C N , it follows from the descent property for algebraic subellipticity thatX is itself algebraically subelliptic, as desired.
Here are some final remarks.
Remark 6.2. (1) Note that X = SL n is not contained in class A 0 (or A), i.e. it cannot be covered by open sets isomorphic to C N (where N = dim X). Indeed, SL n is factorial since the ring of regular function on every simply connected algebraic group is a factorial domain (e.g, see [17] ). Thus, if one assumes existence of an open subset U ≃ C N such that U = X then D = X \ U must be a divisor because of affineness. Factoriality implies that D = f −1 (0) for a regular function on X. However this function must be constant on U because of the fundamental theorem of algebra and, thus, on X. A contradiction.
(2) Let H ⊂ C n+2 u,v,x be a hypersurface given by uv = p(x) in the case when the zero locus of p is smooth connected. Then it is again factorial because of the Nagata lemma (e.g., [2] ). Thus if H is not isomorphic to C n+1 it does not belong to class A by the same argument as before.
